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Abstract-Consideration is given to the two-phase flow problem in laminar film condensation which 
arises when induced motions of the vapor are included. The shear forces at the liquid-vapour interface, 
heretofore neglected, have been fully taken into account. It is shown that the problem can be formu- 
lated as an exact boundary layer solution. From numerical solutions of the governing equations, it is 
found that the effects of the interfacial shear on heat transfer are negligible for Prandtl numbers of ten 
or greater and are quite small even for a Prandtl number of one. For the liquid metal range, the inter- 

facial shear was found to cause substantial reductions in heat transfer. 

R&urn&-On considbre le probl&me de l’6coulement g deux phases qui se. pose, dans la condensation en 
film laminaire, quand il existe des courants induits de vapeur. On a pleinement tenu compte des forces 
de frottement sur l’interface vapeur-liquide, jusqu’ici n&li&es. On a montrk que la formulation de ce 
probleme pouvait se faire comme une solution exacte de couche limite. On a trouvb, & partir des 
solutions num&iques des principales equations, que les effets du frottement interfacial sur la trans- 
mission de chaleur Ctaient negligeables pour des nombres de Prandtl Cgaux ou sup&ieurs B 10 et 
&aient encore t&s petits pour des nombres de Prandtl 6gaux & 1. Pour les m&aux liquides, on a trouvt 

que le frottement interfacial rkduisait de fason substantielle la transmission de chaleur. 

Zusanunenfassung-Fiir die laminare Fihnkondensation wird das Problem des Zweiphasenstroms 
behandelt, bei dem zusltzliche Dampfbewegungen auftreten. Die bisher vernachl%ssigten Schub- 
krgfte an der Trennflgche von Fliissigkeit und Dampf sind dabei voll beriicksichtigt. Man kann das 
Problem als eine exakte Grenzschichtliisung darstellen. Numerische Llisungen der massgebenden 
Gleichungen zeigen, dass der Eitiuss des Schubs an der Trennfltiche fiir den WBrmeiibergang ver- 
nachlslssigbar ist bei Prandtl-Zahlen von zehn und griisser und noch ziemlich klein ist bei einer 
Prandtl-Zahl von eins. Im Bereich der fliissigen Metalle wird durch den Schub an der Trennfllche 

der W%rrneiibergang betrlchtlich herabgesetzt. 

AHHoTamia--B CTaTbe o6cymnaIoTcrr BOIIpOCbI TerIJIOO6MeHa JIByX+aaHOrO IIOTOK~ np~l 
JlaMHHapHOi% lIJl&HOWOi KOHJJeHCZlqEIEI, KOTOpaH B03HIIKaeT rip&I BblHyFKHeHHOM ~BH2KeHIlM 
napa. YqHTblsaeTca HanpRHteHife TpenEIR: Ha n0sepxHocTu paaxena XnnKocTM: EI napa, 
KOTOplde npt?KAe He np&lHHMEWlCb BO BHIIMaHEIe. IIoKaaaao, 9To aTa aanarIa MomeT 6nTb 
cseaeHa K Tos~omyperueasn0oorpaHwtHorocno~. BcxoW3 I13wiCnOBbIXpeureK~ioC~o~~b1~ 

YpaBHeHElti HatiJJeHO, YTO BJlUFiHIIR MeWHOBepXHOCTHblX CHJI TpeHEIH Ha Tt?IlJlOO6MeH 
HeaHagMTenbHbI .QJlH wcen npaHATJIfI nopw4Ka AeCFlTM HJIM Bonbme, HMYTOH(HO Mano AJlfi 
YHCeJl npaHATJlH IIOpHRKa eAEfHkI+I. &III pRAa HWAKIiX MeTaJlJlOB HtiAeHO, 'IT0 

MWKIIOBepXHOCTHbIe CKJlEJ TpeHMK BbILWBaH)T CJ'UWTBeHHOe J'MeMbIIIeHW TennOO6MeHa. 

NOMENCLATURE 

cL, c,, dimensionalconstants,equations(lO)and 

(17); 
cv9 specific heat at constant pressure; 

J; dimensionless velocity variable for vapor, 

equation(18); 

F, dimensionless velocity variable for liquid, 

equation(ll); 

* Present address, Aero-Space Division, Boeing Air- 
plane Company, Seattle, Washington. 

F, 
gv 
h 
h II73 
1, 
L 

J, 
k, 
f4 

NU,, 

shear stress vector at the interface; 
acceleration due to gravity; 

localheattransfercoefficient, q/(7&--Tw); 
latent heat of condensation; 
unit vector along the x-direction; 
unit vector along the y-direction; 

thermal conductivity; 
unit vector normal to the liquid-vapor 

interface; 

local Nusselt number, dimensionless, 

hx/k ; 
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Pr, 
f 
, 

T, 
4 
4 

Ut9 

u, 
0, 
x, 

Prandtl number, dimensionless, c&k; 
local heat transfer rate per unit area ; 
unit vector tangent to the liquid-vapor 
interface ; 
temperature; 
Vmt - Tw); 
velocity component in x-direction; 
velocity component tangent to the inter- 
face ; 
velocity vector at the interface; 
velocity component in y-direction; 
co-ordinate measuring distance along 
plate from the leading edge ; 
co-ordinate measuring distance normal to 
plate ; 
thickness of condensate layer; 
similarity variable, equations (10) and 
(17); 
dimensionless temperature, 
(T - TsfJ/(TW - Tat); 
absolute viscosity; 
kinematic viscosity; 
density ; 
stream function. 

Subscripts 

f; 
interface ; 

S&, 

liquid ; 
saturated ; 

1’9 vapor ; 

w, wall. 

Superscript 
prime (‘), differentiation with respect to 7. 

INTRODUCTION 

LAMINAR film condensation on a vertical plate 
has been actively studied for many years. The 
pioneer work was reported by Nusselt [I], who 
formulated the problem in terms of simple force 
and heat balances within the condensate film. 
The effects of inertia forces and energy con- 
vection were not taken into account. An im- 
provement on Nusselt’s analysis was made by 
Rohsenow [2]. He included energy convection 
in the heat balance, while continuing to neglect 
the inertia forces. More recently, Sparrow and 
Gregg [3] have reformulated the problem in 
terms of boundary layer theory, including both 
convection and inertia. They showed that the 

effect of the inertia forces on heat transfer was 
fully negligible for Prandtl numbers of 10 or 
greater and was quite small even for a Prandtl 
number of one. For condensation of liquid 
metals, the inertia forces play an important role 
in decreasing the heat transfer relative to the 
Nusselt-Rohsenow prediction. 

In the physical model which has been used in 
previous analyses, it has been usual to suppose 
that the vapor plays a very passive role. In 
particular, it has been assumed that there is a 
zero shear force acting on the condensate at the 
interface between the liquid and vapor. In 
reality, the flow of the condensed liquid induces 
motions within the vapor; and, in turn, the 
induced vapor flow will affect the velocities in 
the condensate. This mutual interaction requires 
simultaneous solution of the flow problem in the 
liquid and vapor. It is this two-phase flow prob- 
lem and the associated heat transfer to which 
consideration will be given here. 

A sketch of the physical model and co-ordinate 
system is given in Fig. 1. The plate surface is 

Tvd ; TSO! I GRAVITY 
FIELD 

FIG. 1. Physical model and co-ordinates. 

maintained at a uniform temperature i”,, while 
the vapor is pure and saturated at its temperature 
Tsat(Tsat > Tw). It will be shown that the prob- 
lem can be formulated as an exact boundary 
layer solution.* Numerical results will be re- 
ported for Prandtl numbers in the range from 
0403 to 810. 

It is interesting to speculate about the expected 
effects of including interfacial shear forces in the 
problem. In previous work where the interfacial 

* The case of superheated vapor can also be treated 
within the boundary layer framework. 
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shear was neglected, all the momentum possessed 
by the liquid layer was retained by it. But, when 
interfacial shear forces are permitted to act, then 
a mechanism is provided by which the motions 
of the liquid can induce vapor velocities. In the 
process of inducing such a flow, the liquid must 
give up some of its momentum. So, for a given 
condensate layer thickness, the average conden- 
sate velocity will be lower when interfacial shear 
is permitted to act. Consequently, there will be 
a smaller mass flow of condensate. Since the 
heat transfer is nearly proportional to the mass 
flow times the latent heat, it is expected that the 
heat transfer will decrease. 

ANALYSIS 

Physical Model and Co-ordinates. A schematic 
diagram of the physical model and co-ordinate 
system is shown on Fig. 1. An isothermal 
vertical flat plate is suspended in a large volume 
of pure vapor. The vapor is at its saturation 
temperature, Tat. The plate temperature T, is 
lower than Teat and therefore condensation 
occurs on the plate surface. In steady state, there 
is a continuous laminar film of condensate 
flowing downward along the plate. Along the 
liquid-vapor interface, the vapor velocity ‘tan- 
gent to the interface is the same as that of the 
liquid if there is no slip. The vapor velocity 
approaches zero at some distance away from 
the interface. Consequently, there simultaneously 
exist both liquid and vapor boundary layers. 

Boundary Layer Equations. The equations 
expressing conservation of mass, momentum and 
energy for steady laminar flow in a liquid boun- 
dary layer on a vertical plate are as follows [3]: 

Liquid : 

been omitted from the energy equation since it is 
negligibly small. All the fluid properties are 
those of the condensate except po, which is the 
density of the vapor. 

Next, turning to the vapor, we note that the 
saturation condition implies that the vapor 
temperature is essentially constant. Conse- 
quently, the energy equation need not be con- 
sidered,* and only the continuity and momentum 
equations remain : 

Vapor : 

Continuity 

Momentum u 2 + v $ = u $. 

The boundary conditions are: 

at y = 0 (for liquid phase), 

u = 0, v = 0, T = T, (6) 

at y = S (liquid-vapour interface), 
T = Tsat 

U, v and au/Sy for both the liquid (7) 
and vapor must be compatible 
at the interface 

as y -+ oc (for vapor phase), u -+ 0. (8) 

Similarity Transformation. The continuity 
equation can be satisfied by introducing a stream 
function 4 such that: 

Continuity 

Momentum 

The remaining partial differential equations can 
(1) be transformed to the corresponding ordinary 

differential equations by the following similarity 
transformation : 

u~+v&~(p-p,)+v~;. (2) a. Liquid Layer 

Energy 
aT 6T k @T 

u ax + v ay = Fp aya (3) 

17L = !Fg CL = [“‘z;JJ]* (10) 

The variation of the fluid properties has been 
* If the vapor is superheated, the energy equation must 

neglected, and the viscous dissipation term has 
be used to determine the temperature distribution in the 
vapor. 
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Then there is introduced a dimensionless stream 
function F which is a function of T) alone, 

$L = 4%CLX%%). (11) 

The transformation from x, y plane to vL, 
7t plane can be carried out by the following 
relations : 

(&), = (ii),, - E(zgx 3 

(ig), = a(;), 
and the velocity components can be expressed 
in terms of the new variables as follows 

Momentum f “’ + 3fl” - 2( f ‘j2 = 0 (19) 

The boundary conditions at the interface will 
now be discussed in some detail. 

Interface Matching. It is clear that the velocity, 
mass transfer and shear force along the interface 
must be matched in both liquid and vapor phases 
in such a way that the physical laws are satisfied.* 
These compatibility requirements will be treated 
one at a time. 

(a) Interface Velocity: Along the liquid-vapor 
interface, the vapor and liquid velocities tangent 
to the interface must be equal if there is no slip, 
i.e., 

(Q)L = (u,), 

u = 4&x* F’ (12) where I denotes the direction tangent to the 
interface. 

v = vlc,x-a (QF’ - 3F) (13) The normal and tangent unit vectors respec- 

where the primes denote differentiation with 
tively at the interface are: 

respect to Q. With this, the momentum and ii = (jdx - id8)/(dx2 + da2)i 
energy equations for the liquid layer are then 
transformed to the ordinary differential equa- 

t = (Pdx + jd8)/(dx2 + da2)* 

tions : The vector velocity at the interface is: 

Momentum u = Pu + jv 
F”’ + 3FF” - 2(F’J2 + 1 = 0 (14) Hence, the velocity tangent to the interface is: 

Energy 

where 

elt + 3PrFB’ = 0 

0,) = 
T - Tsat 

T,, -- Tsat’ 

(19 

(16) 
u,;Ui=(~+v!j)dx,(dx’+db’)‘a 

M udx/(dx2 + da2)* 
It may be noted that the momentum equation is 
independent of the energy equation, and hence, 

The last expression is within the accuracy of the 

can be solved separately provided certain com- 
boundary layer assumptions since u is of order 

patibility conditions at the interface are satisfied. 
one, while v and d8/dx are of order 6. Conse- 
quently, the no slip condition at the interface is 

b. Vapor Layer: 
fulfilled if the u-velocity components in the 

Parallel to the above transformation, the 
liquid and vapor are equal, i.e., 

following substitution will be used to reduce the (%)i = (UL)i (20 
vapor-layer partial-differential equation to an 
ordinary differential equation: where the subscript i denotes conditions at the 

interface. 

(17) 
In terms of the transformed variables, this 

becomes 

A = 4w,x* f(%J (18) 

where f is assumed to be a function of v. only. 
The resulting ordinary differential equation cor- 
responding to equation (5) is: 

* Similar matching conditions were considered in 
Ref. 5. 
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and, when pL % pu 

f; = F;. (21) 

This last form is valid if the vapor pressure is 
small in comparison to the critical pressure. In 
the present analysis, it will be assumed that this is 
the case. 

(b) Interface Mass Flow: By continuity, the 
mass transfer from the vapor to the interface 
must equal the mass transfer from the interface 
to the liquid. The mass transfer across the inter- 
face can be expressed as : 

p(U . ii) = (pcdx - pud8)/(dxa + dP)* 

Therefore, mass conservation requires the 
following eauation to be satisfied at the inter- 
face: y * 

( pv - PU $J,, = (PO - PU $).,,. (22) 

After introducing the new variables, equation 
(22) takes the form 

or 

(24) 

In terms of the new variables, equation (24) can 
be written as: 

and for pL > pv, this becomes 

(25) 

Boundary Conditions. Making use of these 
matching conditions and of equations (12) and 
(16) for u and 8, the boundary 
(6)-(s) may be rephrased as : 

For the momentum equations (19) 

7=0 
F=O 

F’ = 0 

conditions 

and (14) 

(26) 

or < 

(c) Interface Shear Stress: According to 
Newton’s Third Law, the force exerted on the 
liquid by the vapor must be equal to the force 
exerted on the vapor by the liquid. The total 
shear stress in Newtonian flow is: 

So, the shear stress tangential to the interface is: 

Within the framework of boundary layer theory, 
this expression reduces to: 

F.$= 
au 

P 6’ 

Hence, the balance of tangential shear at the 
interface is expressed by: 

For the energy equation (15) 

TL =o, 8=1 

rlL = (r]Lh e = 0. 

F,’ 

(27) 

(28) 

(29) 

(30) 

It is seen that the solution of the momentum 
equation depends upon the dimensionless film 
thickness (vL), and on the ratio [(~p)~/(pp)J*. 
The appearance of the pp ratio is a new feature 
of the problem and arises from the consideration 
of the continuity conditions at the interface. 
From physical reasoning, it would be expected 
that when the vapor density and viscosity are 
very small, the vapor drag would play a minor 
role. Conversely, the effects of vapor drag should 
increase as (pp) J( p~)~ decreases. 

* For convenience we choose q,, = 0 at the interface. 
This can be done because 7. does not enter into the inter- 
face matching equations. 
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The Parameter c,,LATlhfC 
The liquid film thickness 6 (and hence qLa) is 

not known a priori, but rather, is one of the 
results of the analysis. Fortunately, as shown in 
Ref. 3, r]L8 can be replaced by the dimensionless 
group, c,LATlh,,, which contains quantities 
which would all be known in any physical situa- 
tion. The relationship between ?La and c,LAT/ht, 
is found by invoking an overall energy balance: 

+ J :PL~c,L(G~G - T)dy (31) 

The left-hand side is the heat transferred from 
the condensate to the plate over a length from 
x = 0 to x = X. The first term on the right-hand 
side is the latent heat of condensation and the last 
term is the heat liberated by sub-cooling of the 
liquid. In terms of the new variables, equation 
(31) becomes: 

c,JT -= 
h fs 

-3Pr,: 
I 

(32) 

where t’: and Fi are the values of d8/dqL and 
F at 71~~. The energy equation (15) has 
been used in obtaining the above relation. For 
any given PrL and [(PP)~/~P~~~*, 4 and 0, 
depend only on qLti Hence, there is a unique 
relation* between the liquid layer thickness 
1)~~ and cDLAThg. The present problem there- 
fore involves three parameters, namely, PrL, 
KPP)~/~~M~~ and cpLWhg. 

Heat transfer formulas. In the preceding 
paragraphs, the governing differential equations 
for the velocity and temperature distributions 
have been derived. Now, it will be shown how the 
solutions of these equations are related to the 
heat transfer results. According to Fourier’s 
Law, the local heat transfer at the surface of the 
plate is given by 

* In Ref. 3, it was found that c,dT/h,, increases as 
the film thickness increases. The same trend applies 
in the present study. 

In terms of the transformed variables of equations 
(10) and (16) the expression for q becomes 

q = kdT,,t - Tw) 

where e’(0) is an abbreviation for [d0/dT]9,0. It is 
convenient to report the heat transfer results in 
terms of a local heat transfer coefficient and 
local Nusselt number defined as follows 

h=T (IT Nu, = 4 (34) 
sat 2(i L 

With this, the heat transfer can be rephrased as 

Nu 

[ 

dPL - PdX3 * 
a! 

= 

4PLV;: 
- [-O'(O)] 1 (35a) 

or 

1 

i 
= 

p!p] *[-O'(O)] (35b) 

where the last form has been found by experience 
(Ref. 3, Appendix 1) to provide an especially 
convenient representation. It is seen from equa- 
tions (35) that once the dimensionless tempera- 
ture slope [-S’(O)] has been supplied by the 
solutions, then the heat transfer is immediately 
known. Since Pr, cpLAT/hjg, and (p~)~/( p~)~ 
appear as parameters in the governing equations, 
it would appear that 6’(O) will also depend on 
these same parameters. It can be shown without 
difficulty that the aoerage heat transfer coeffi- 
cient is 4/3 times the local coefficient. 

Solutions. The velocity and temperature dis- 
tributions are governed by equations (14), (IS), 
and (19) in conjunction with the boundary con- 
ditions (26)-(30). It is not possible to find ana- 
lytical solutions to this formidable array and 
hence numerical means were used. The general 
procedure by which solutions were obtained may 
be outlined as follows: Consideration was first 
given to the momentum equations (14) and 
(19), and a dimensionless film thickness qLa was 
selected. Then, a guess was made for the value 
of Fi and this, together with the conditions 
F(0) = I;‘(O) = 0, provided three boundary 
conditions for the liquid momentum equation 
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(14). A solution for equation (14) could then be 
carried out. The values of Fi and Fi correspond- 
ing to this solution can be transformed by equa- 
tion (27) into values of f( and fi, once the ratio 
[(pp)&&]* is assigned. And, with the third 
condition f’(cc) -+ 0, the vapor momentum 
equation (19) was solved. Finally, it remained to 
be checked whether Newton’s Third Law as 
expressed by the last of equations (27) was 
satisfied by the c;’ andf,” values from the liquid 
and vapor solutions. If not, a new guess was 
made for I;; and the entire calculation was re- 
peated until the matching condition for F;’ 
and _r;” was fulfilled. Once a solution of the 
momentum equations for a given 7&B and pp 
ratio was obtained, it was used as input data for 
the solution of the energy equation (15). Then, 
for a fixed Prandtl number the heat transfer and 
the value of coLAT/h,, were evaluated from 
equations (35) and (32) respectively. 

The actual numerical solutions were carried 
out by recasting the differential equations into 
integral form in a manner analogous to Ref. 4, 
and then iterating each equation until converg- 
ence was achieved. The numerical integrations 
were accomplished by the trapezoidal rule. 

For the higher Prandtl number fluids (Pr 2 lo), 
it has already been demonstrated in Ref. 3 that 
the inertia terms in the liquid momentum equa- 
tion can be neglected. As a consequence, the 
solutions for the higher Prandtl numbers can in 
part be carried out analytically. In the absence of 
the inertia terms, equation (14) becomes 

F”’ + 1 = 0. (36) 

A solution of this equation which satisfies the 
conditions F(0) = F’(0) = 0 and F’ = Fi at 
qL = 71L8 is 

F’ = CTL - ~$12 (37b) 

F” = -rlr. + c (37c) 

where C = FJqLI -I- qL6/2. 
So, for a given value of the film thickness 

yL8, the solution for F corresponding to a 
particular interfacial shear Fi is given in a simple 
analytical form. The general procedure for 

simultaneous solution of liquid and vapor re- 
mains as previously described. 

The cases for which solutions have been carried 
out are listed in Tables 1 and 2 and may be 
summarized as follows: For the non-metallic 
liquids, solutions were obtained for Prandtl 
numbers between 1 and 810* for c,LdT/h,, 
ranging from essentially zero to 1.2 and for 
[(~t~_)~/(p&]* between 10 and 600. For the 
liquid metals, the solutions were found for 
Prandtl numbers of 0.003, and 0+X)8, and O-03 
for c,LAT/h,l ranging from essentially zero to 
O-1 and for [(p~)~/(pp),]+ of 100 and 600. The 
results obtained from these solutions will be 
presented and discussed in the next section. 

HEAT TRANSFER RRSULTS 

Ordinary liquids (Pr > 1). The Nusselt num- 
bers which have been calculated from the solu- 
tion of the governing equations are given in Table 
1 and at the top of Table 2 under the designation 
interfacial shear. The results are tabulated as a 
function of the Prandtl number, c,,JT/h,,, and 
the bp)i ratio. Also given for comparison pur- 
poses are the Nusselt number results which corre- 
spond to the condition of no interfacial shear 
(Ref. 3). The percentage deviation of the earlier 
results from those of the present analysis is shown. 
For Prandtl numbers of 10 and above, all solu- 
tions were carried out neglecting inertia forces 
in the liquid layer momentum equation, in ac- 
cordance with the findings of Ref. 3. Turning first 
to the results for Pr = 10, it is seen that no 
matter what values of the parameters [(pp).J 
(PP)$ and cpLAT/hfg are selected, the effect of 
the interfacial shear on the Nusselt number is 
very small. The greatest deviation of 1.1 N 1.3 
per cent occurs at a cpLAT/hfo of 1.2, which is 
usually outside the range of current practice. It 
may also be observed that varying the (pl.~)f ratio 
from 10 to 600 has a negligible effect on the 
Nusselt number. On the other hand, increasing 
the thickness of the condensate layer (i.e., 
increasing vLd) causes the interfacial drag to be 
somewhat more effective in reducing the heat 
transfer. With increasing Prandtl number, the 
value of the dimensionless film thickness rlLa 
decreases at a fixed cgLAT/h,l (columns 3 and 

---- 
* A computationally convenient number. 
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Table 1. Summary of Results. No Inertia Terms in Momentum Equation of Condensate Layer 
II- _. 

I I 
Prr. KPI4LKPf4"l~ csLATlh,, VL8 -___ 

Interfacial 
shear 

1.014 
1.014 
1.175 
1,174 
l-012 
1.012 
1.011 
1.039 
1.037 
l-091 
l-147 
1.147 
1.145 
0.999 
0998 
1.031 
1.029 

- 
Per cent 
deviation 

0 

:: 
0 

0”:; 

0.3 
O-38 
048 
1.0 
1.2 
1.2 
1.2 
1.4 

;:: 

8.6 

- 

No shear 

1.014 
I.014 
1.175 
1.174 
1.013 
1.014 
1.014 
1.043 
lG42 
1,102 
1.161 
1.161 
1.159 
1.013 
1.013 
1.119 
1.118 

810 
810 
810 
810 

10 

:: 
10 
10 

f : 
10 
10 

1 
1 
1 
1 

600 0.08282 
10 0.08275 

600 1.294 
10 I.290 

600 I 0.08232 

100 I 
10 

gg;; 

150 0.2694 
10 1 0.2679 

0.1 
0.1 
0.1867 
0.1867 
0.3 
0.3 
0.3 
0.4 

/ x:: 
i 0.56 

056 
0.56 
0.5335 
0.5335 
0.9958 
0.9958 

0.7021 
1,196 
1.197 
1.185 
0.07833 
0.07778 
0.8369 
0.8316 

10 
600 
150 

z 
10 

600 
10 

zzz z-z 

Table 2. Summary of Resdts. Including Inertia Terms in Momentum E&cation of Condensate Layer 
=z 

.- 

1 

-- 

Nu,[c,LAWt,, x 4whigc,dpL - P&V 
_.- 
11 
1 _- 

-P 
1 

-I_ 

_- 

1 
-- 

No shear, Per cent 
no inertia deviation 

Lnterfacia 
shear 

0.07704 0.5335 0.995 1 
0.3447 O-8 O-9893 
0.3430 0.8 0*9878 
0.5231 0.9 0.9909 
OS7478 0.9958 0.9967 
0.7442 0.9958 0.9953 
4.79 x 10-6 0.2 o-9995 
2.41 x lo-* 0.3 0.9979 
1,774 :< 10-s 0.5 0.9864 
9.499 x 10-S 0.8 0.9386 
0*03215 1.2 0.8510 
0.0683 1 1.6 0.7742 
0‘1487 2-2 0~7100 
4.728 ;< 10-O 0.5 0.9862 
5.059 x 10-a 1.0 0.8923 
0.01526 1.5 0.7849 
o-06579 2.8 0.6110 
o-06577 2.8 0.6109 
0.1012 3.4 0.5639 
7.497 x 10-b 0.4 0.9940 
1.907 x 10-a 1.0 0,893 I 
8,927 x 1O-31 1.8 0.7305 
O-02828 

/ 
3-o O-5867 

0.08746 5.0 0.4722 

No 
shear 

Per cent 
Deviation 

1.010 1.5 
1.037 4.9 
1.036 4-9 
1.054 6.4 
1.075 7.8 
1.075 8.0 
1 0 
1 o-2 
0,997 1.1 
0.9822 4.6 
0.9512 11.8 
@910 17.5 

0,998 1.2 
0.967 8.4 
0.911 16 
0.767 25.5 
0.767 25.5 
0.713 26.4 
1 0.6 
0.967 8.5 
0.8742 19.7 
0.740 26-1 
0.5995 27 

_- 
1 
1 
1 
1 
1 
1 
0.03 
0.03 
0.03 
0.03 
0.03 
0.03 
0.03 
OGO8 
0.008 
OxKb8 
0.008 
0.008 
0.008 
oxQ3 
O-003 
0.003 
0.003 
om3 

1,013 1.8 
1.054 6.5 
1.054 6.7 
1 so79 8.9 
1.108 11.2 
1.108 11.3 
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4 of the table). So, it would be expected that 
the effects of vapor drag would decrease as 
Prandtl number increases. This is clearly in- 
dicated by the results for Pr = 810, which 
show no deviations (to four figures) from 
those based on zero vapor drag. From these 
findings, it may be inferred that the interfacial 
shear is indeed very nearly zero for the high 
Prandtl number fluids, and this will be verified 
later when the velocity distributions are shown. 

Inasmuch as interfacial shear is practically 
unimportant for Pr > 10, the Nusselt number 
results of Ref. 3 have been accepted without 
numerical alteration and have been rephrased 
and replotted on the more convenient co- 
ordinates of Fig. 2. 
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higher Prandtl numbers. For example, for 
cDLAT/h,, = O-75, the Nusselt number is reduced 
by 8 per cent when interfacial shear is taken into 
account. If the comparison were made using the 
non-inertia result of Ref. 3 as a basis, then the 
present Nusselt number would be 11 per cent low. 
Further study of the Pr = 1-O results shows that 
the value of the pp ratio again appears to be a 
second order effect within the range considered 
here. From this, we are led to speculate that there 
must be a threshold value above which the magni- 
tude of the pp ratio is unimportant, and further, 
that this threshold lies below most of the tech- 
nically interesting situations. 

The Nusselt number results for Pr = 1.0 as 
listed in Table 2 have been plotted on Fig. 2 

l.ljr I 1 lillll I II\ II III I 

- 
-I* 

WITH INTERFAdL SHEAR 
---- WITHOUT INTERFACIAL SHEAR (rat. 3) 

.95 ( , (,/,i, I I / III I I Illll 
,001 .Ol .I 1.0 

%I AT 

FIG. 2. Effect of interfacial shear stress on heat transfer, Pr > 1. 

For a Prandtl number of 1.0, the inertia forces 
continue to be unimportant for thin condensate 
films (small cpLAT/hfg) and have a small effect 
for thicker films [3]. So, with this in mind, solu- 
tions including the effects of interfacial shear 
were obtained both with and without inertia 
forces. The Nusselt number results without 
inertia are given at the end of Table 1, while those 
including inertia appear at the beginning of 
Table 2. In each table are included for compari- 
son purposes the appropriate results of Ref. 3. 
An additional comparison is made in Table 2 
where the non-inertia results of Ref. 3 are given 
as well as those including inertia. Inspection of 
the tables shows that the effects of interfacial 
shear are much greater for Pr = 1-O than for the 

as a solid curve. Also included in the figure is a 
dashed curve depicting the results for zero inter- 
facial shear. Without interfacial shear, the curve 
rises monotonically with increasing film thick- 
ness; while with interfacial shear, the curve 
drops slightly at first and then commences to 
rise. This behavior may not seem unreasonable 
when the various factors effecting the heat trans- 
fer are discussed. First of all, for very thin films 
(small c,.JT/h,,) neither the inertia forces nor 
the interfacial shear nor the sub-cooling are 
significant, and all curves come back to a com- 
mon asymptote of unity. Now, as the film thick- 
ness increases, the inertia forces and interfacial 
shear tend to decrease the heat transfer, while the 
sub-cooling tends to increase the heat transfer. 
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For Pr = 1.0 without interfacial shear, the sub- 
cooling wins out over the inertia forces and the 
curve rises. But, when interfacial shear is intro- 
duced, the inertia forces are given an ally which 
appears to be strong enough to win out for 
thinner films, only to lose to the effects of sub- 
cooling for the thicker films. 

Liquid metals. The Nusselt number results for 
the liquid metal range as computed from the 
solutions of the governing equations including 
inertia and interfacial shear are given in Table 
2. Also given there are the results based on zero 
interfacial shear. Inspection of the table shows 
that except for very small values of cpLAT/hjp, 
the effects of interfacial shear are quite large. 
For example, for Pr = 0408 and c,JT/h,, = 
046, the Nusselt number as computed without 
interfacial shear is 25 per cent too high. As 
might be expected on the basis of the prior 
discussion, the effects of interfacial shear increase 
wi1.h decreasing Prandtl number. Almost all the 
calculations were carried out for a value of 
[(p~)&~),$ of 600, which is realistic for liquid 
metals. As a check, a single case was computed 
with this ratio reduced to 100, and as seen in 
Table 2, the Nusselt number is unchanged. 

These Nusselt number results for low Prandtl 
numbers are presented on Fig. 3. The solid curves 
represent the solutions with interfacial shear 
and the dashed curves* are without interfacial 
shear. The figure graphically demonstrates the 
substantial effects of interfacial shear. From these 
findings, it may be inferred that the shear at the 
interface differs appreciably from zero, and this 
will be convincingly demonstrated in the follow- 
ing section. 

VELOCITY AND TEMPERATURE PROFILES 

The velocity profiles are of considerable inte- 
rest since they show the detailed manner in which 
the flow is affected by the interfacial shear. 
Space limitations preclude a presentation of 
results for all the cases studied, so we must 
content ourselves with showing representative 
situations. Such a presentation is made on Figs. 
4 through 7, which correspond respectively to 
Prandtl numbers of 10, 1, 0.03 and 0X)03. 
Curves associated with representative values of 

* The results of Ref. 3 for c,.uW/& > 0.025 were 
found to be low by about 1 Per cent and corrections have 
been made. 

.6 

- WITH INTERFACIAL SHEAR 

----- WITHOUT INTERFACIAL SHEAR 1 ref. 3 I 

;I 

.6 

b I I I Illll f 1111 I I1111/1 

.OOOl .OOl .Ol .I 

%I AT 

FIG. 3. Effect of interfacial shear stress on heat transfer, liquid metal range. 
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FIG. 5. V&city profiles, Pr = 1, [(pp)~/(ppMf = 600. 
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FIG. 6. Velocity profiles, Pr = O-03, [(pp)~/(p&]a = 600. 
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FIG. 7. Velocity profiles, Pr = O-003, [(p&/(p&]k = 600. 
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c,&“/ht, are shown on each figure. Both liquid 
and vapor velocities have been plotted; and to 
facilitate this, the abscissa scale has been sub- 
divided into two parts, the left-hand portion 
applying to the liquid and the right-hand portion 
to the vapor. The velocity distribution corre- 
sponding to a given value of c,~AT/~,~ is made 
up of the liquid layer curve from the left portion 
of the figure to which is continuously joined the 
vapor layer curve from the right portion of the 
figure. The gap between corresponding liquid 
and vapor curves is due solely to the method of 
plotting. 
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Figs. 6 and 7, which correspond to liquid metal 
Prandtl numbers. For example, on Fig. 7, cases 
are shown where the velocity maximum (i.e., 
the zero shear condition) occurs at a position less 
than half-way across the film. 

The temperature profiles are less informative, 
and the results may be summarized on two 
typical Figs., 8 and 9. The first of these corre- 
sponds to high Prandtl numbers (Pr = 10) and 
the second to low Prandtl numbers (Pr = 0.003). 
Turning to Fig. 8, it may be seen that the tem- 
perature profiles for thin films are nearly straight 
lines, indicating that conduction dominates and 

0 I I 

0 0.1 a2 0.3 0.4 0.5 0.6 

FIG. 8. Temperature profiles, Pr = 10, [(pp))~/(p&i = 10. 

Turning first to Fig. 4, it is easily seen that the 
curves for the condensate velocity have essentially 
zero slope at the interface. Since the shear stress 
is proportional to the slope of the velocity pro- 
file, it is apparent that the condition of zero 
interfacial shear is essentially fulfilled for Pr = 
10. Next, proceeding to Fig. 5 for Pr = 1.0, 
we observe that the condition of zero shear is no 
longer achieved at the interface, but rather at 
some location within the liquid film. The thicker 
the film, the further removed from the interface 
is the velocity maximum and consequently, the 
greater the departure from the condition of zero 
interfacial shear. The effects of interfacial shear 
are demonstrated even more dramatically on 

P 

convection plays a small role. For thicker films, 
the effect of convection is felt more and more, 
and the departure from the straight line profile 
is somewhat greater. For low Prandtl numbers, 
Fig. 9, the deviations from the straight line 
profile are n.ot as great as those noted on Fig. 8. 
This is undoubtedly due to the fact that the 
liquid metals have very high heat conductivities. 

CONCLUDING REMARKS 

It has been shown that the two-phase flow 
problem which arises in laminar film condensa- 
tion when the induced vapor motion is included 
can be formulated as an exact boundary layer 
solution. It is found that the effect on the heat 
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Tw-Tsat 

-0 I 2 3 4 5 6 
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FIG. 9. Temperature profiles, Pr = 0403, [(p&/(p&]) = 600. 

transfer of the heretofore-neglected shear at the 
liquid-vapor interface is negligible for Prandtl 
numbers of ten and higher and is quite small 
even for a Prandtl number of one. For the 
condensation of liquid metals, the interfacial 
shear does cause a substantial reduction of the 
heat transfer. For all Prandtl numbers, it was 
found that the effect of the interfacial shear on 
the heat transfer increased with film thickness 
(i.e., increased c,&/&,). On the other hand, 
the heat transfer was relatively unaffected by the 
magnitude of the parameter [(p~)L/(p~)v]~. 

It is interesting to observe that in the case of 
film boiling, the governing equations are the 
same as those derived here, except that the role 
of liquid and vapor are interchanged. So, the 
jump of the velocity functions at the interface 
is governed by [(pp)&pc~)~]*, rather than the 
reciprocal as appears in the condensation prob- 

lem. This “jump parameter” will be substantially 
less than unity. Since the present investigation 
considered values of the “jump parameter” no 
less than 10, the present solutions cannot be 
applied to film boiling without further verifica- 
tion. 
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